T yp e Systems and Programming Languages A0ED=S9T J?@. 13 G/ 5 7n 7 F| 9 Simply T yp ed Lam b da-Calculus 9.1 F unction T yp es $3$N>O$G$O!" pure lam b da-calculus $K b o olean CM$rIU$12C $($?8@8l$N >e$K 7?%7%9%F%‘$r$D$/$k!#L\I8$O0J2<$N 2 $D$G$"$k!# � t yp e safet y $rK~$? $9$3 $H (t yp e preserv ation $H t yp e progress $rK~$? $9 $3$H ) !# � 87$7$9 $.$J $$$3 $H ( $?$$$F $$$N @5$7 $$%W %m%0 %i%‘ $r7? $E$1 $G$- $k$3 $H ) !# lam b da-calculus $K$O 4X ?t (abstraction) $,$" $k $N $G !" $= $l $K 7? $r IU $1 $? $$ !# $=$3$G!"$^$::G=i$K:G$b 0B0W$JJ}K!$H$7$F!" � -abstraction $K7? ! $r$D$1$k $3$H$K$7$F$_$k!# � x : t : ! $H$3 $m $,!" $3 $l $@$H $" $^ $j4r $7 $/ $J $$!# Nc $($P !" � x : true $b � x :� y : x $bF1$8 7? ! $H$J$k!#$3 $l$O!" A0<T$, 2?$+CM$r apply $9$k$H b o olean CM true $rJV$9 $N $K BP $7 !"8e <T $O JL $N 4X ?t $r JV $9 $H $$ $& 0c $$ $r L5 ;k $7 $F $7 $^ $& $3 $H $K $J $k !# $^$?$3 $N J}K! $G$O !" 4X?t $, @5$7 $/<B 9T $5$l $k ( %9%? %C %/ $7$J $$ ) $?$a$K $O !" $I $N$h$&$J0z?t$rEO$;$P$h$$$+$rCN$k$3$H$,$G$-$J$$!# $=$3$G!"4X?t$,$I$s$J7?$NCM$r<u$1<h$C$F$I$s$J7?$NCM$rJV$9$N$+!" $r7? $H$7$F$"$i$o$9$?$a$K!"C1$J$k ! $G$O$J$/ !" T 1 ! T 2 $N$h$&$K$"$i$o$9$3 $H $K $9 $k !#$3$3 $G !" T 1 $O 4X ?t $N <u$1 <h $k CM $N 7? !" T 2 $O 4X ?t $N JV $9 CM $N 7? !" $K$=$l$>$lBP1~$9$k!# 9.1.1 Dj5A : Bo ol 7?>e$N7?$N=89g$O0J2<$NJ8K!$+$i@8@.$5$l$k T ::= T ! T Bo ol typ es: typ e of functions typ e of b o ole ans 1

$3 $3 $G typ e c onstructor ! $O righ t-asso ciativ e $G $" $k !# Nc $( $P T 1 ! T 2 ! T 3 $O T 1 ! ( T 2 ! T 3 ) $G$"$k!# 9.2 The T yping Relation <!$K !"<B:]$K lam b da-calculus $K7? $r$D$1 $k!"$, !"$=$N A0$K !" abstraction $N0z?t$N7?$r$I$N$h$&$K7hDj$9$k$+$r7h$a$k!# lam b da-calculus $K $O � x : t $N $h $& $J abstraction $, $" $k !#$3 $N $h $& $J ab- straction $K 7? $r $D $1 $k $K $O !" abstraction $KCM $r apply $7 $? 8e $K $I $N $h $& $J 7? $N CM $r @8 @. $9 $k $N $+ $r 9M $( $J $1 $l $P $J $i $J $$ !# $= $N $? $a $K $O 7k 6I !" abstraction $, $I $N $h $& $J 7? $N CM $r 0z ?t $H $7 $F apply $G$- $k $+ $r 7h Dj $7 $J $1 $l $P $J $i $J $$ !# abstraction $N0z?t$N7?$r7h$a$kJ}K!$O 2 $D9M$($i$l$k!# 1. � -abstraction $K0z?t$N7?$r annotate $9$k 2. abstraction $NK\BN$r analyze $7$F0z?t$N7?$r?dO@$9$k $3$3$G $O!" 1 $NJ}K!$r$H $k$3 $H$K$9 $k!# $=$N $?$a !" C1 $K � x : t $H=q$/$+ $o$j $K � x : T 1 : t 2 $N $h $& $K =q $/ $3 $H $K $9 $k !# $3 $3 $G !" T 1 $, 0z ?t x $N7? $r $" $i $o $9 Cm <a (annotation) $G$" $k !# ( $A $J $_ $K 1 $N J} K! $r MQ $$ $k 8@ 8l $r explictly t yp ed language !" 2 $NJ}K!$rMQ$$$k8@8l$r implicitly t yp ed language $H8F$V!# ) $5$F !" abstraction $N0z?t ( x ) $N7? ( T 1 ) $O$b$& $3 $l$G $o $+$k $N $G!" 8e $O ab- straction $N K\ BN ( t 2 ) $N 7? $r7h $a $l$P $h $$!#$= $N $?$a $K $O!" t 2 Cf$N x $N =P 8= $r!" 7? T 1 $r$b $D term $G $" $k $H $_ $J $7 $F 7? $r 7h $a $l $P $h $$ !# $3 $N $3 $H $O !" 0J 2<$N$h$&$J%k!<%k$H$7$F$"$i$o$;$k!# x : T 1 ‘ t 2 : T 2 ‘ � x : T 1 : t 2 : T 1 ! T 2 7?$N4X 78 (relation) $,!"$b $O$d term t $H7? T $N 2 9‘ 4X78 t : T $G$O$J $/ !" 3 9‘4X78 � ‘ t : T $H$J$k !# $3 $3$G !" � $O t Cf$N<+ M3 JQ?t $N7? $E $1$K 4X $9$k 2> Dj$N =8 9g $G$" $k !#$h$j @5 3N $K$O � $O t yping con text $H $$$$ !"JQ ?t $H$= $N 7? $N%j %9%H $G$" $k!#$^$? !" "," $r;H$C$F ?7$? $J binding $r � $N :G8e $KIU $1B- $9 $3$H$, $G$- $k !# $^ $?!" :.Mp $r$5 $1 $k$? $a!" abstraction $N0z?t x $O!" � Cf$KB8 :_$7$J$$JQ?tL>$KCV$-49$($k$3$H$K$9$k!# Pure simply t yp ed lam b da-calculus ( � ! ) 0J 2< $O pure lam b da-calculus $K 7? $r $D $1 $? 8@ 8l pure simply t yp ed lam b da- calculus $N Dj 5A $G $" $k !# $A $J $_ $K !" %Y !< %9 7? $, L5 $$ $N $G <B :] $K $3 $N 8@ 8l $N term $K7?$r$D$1$k$3$H$O$G$-$J$$!# ( Exer cise 9.2.1 ) 2

Syn tax t ::= x � x : T . t t t terms: variable abstr action applic ation v ::= � x : T . x values: abstr action value T ::= T ! T typ es: typ e of functions � ::= ; �, x : T c ontexts: empty c ontexts term variable binding Ev aluation t 1 � ! t 0 1 t 1 t 2 � ! t 0 1 t 2 ( E-App1 ) t 2 � ! t 0 2 v 1 t 2 � ! v 1 t 0 2 ( E-App2 ) ( � x : T 11 : T 12 ) v 2 � ! [ x 7! v 2 ] t 12 ( E-AppAbs ) T yping x : T 2 � � ‘ x : T ( T-V ar) � ; x : T 1 ‘ t 2 : T 2 � ‘ � x : T 1 : t 2 : T 1 ! T 2 ( T-Abs) � ‘ t 1 : T 11 ! T 12 � ‘ t 2 : T 11 � ‘ t 1 t 2 : T 12 ( T-App ) Bo oleans $3 $l $i $O !" Bo olean 7? $r %Y !< %9 7? $K <h $k $h $& $K pure simply t yp ed lam b da- calculus $r3HD%$9$k%k!<%k$G$"$k!# 3

Syn tax for Bo olean t ::= true false if t then t else t terms: c onstant true c onstant false c onditional v ::= true false values: true value false value T ::= Bo ol typ es: typ e of b o ole ans Ev aluation for Bo olean if true then t 2 else t 3 � ! t 2 ( E-IfTr ue ) if false then t 2 else t 3 � ! t 3 ( E-IfF alse ) t 1 � ! t 0 1 if t 1 then t 2 else t 3 � ! if t 0 1 then t 2 else t 3 ( E-If ) T yping for Bo olean � ‘ true : Bo ol ( T-True) � ‘ false : Bo ol ( T-F alse) � ‘ t 1 : Bo ol � ‘ t 2 : T � ‘ t 3 : T � ‘ if t 1 then t 2 else t 3 : T ( T-If) 9.3 In tro duction and Elimination F orms $5$F!">e $N � ! $NDj5A $GEP>l $7$? t yp e constructor ! $O 0J2< $N 2 $D $N<o N‘$N%k!<%k$GEP>l$7$F$$$k!# 1. in tro duction rule ( T-Abs ) $I$& $d $C $F 7? $N MW AG $, $D $/ $i $l $k $+ $r 5- =R $7 $F$$$k 2. elimination rule ( T-App ) $I$&$d$C$F7? $NMWAG $,;H$o$l $k$+$r 5-=R$7$F $$$k elimination rule $N term $N D> @\ $N subterm $K in tro duction rule $N term $,Mh$F$$$k$H!"$=$N term $O redex $H$J$k!# $3$l$i$N$*OC$O$3$NK\$N8e$m$NJ}$GJ#;($J7?%7%9%F%‘$r5DO@$9 $k$H$-$K$^ $?EP>l$9$k!# 4

9.4 Prop erties of T yping <! $K pure simply t yp ed lam b da-calculus(with Bo oleans) $N 7? 0B A4 @- $r >Z L@$9$k!"$,!"$=$N>ZL@$N$?$a$K$^$:$$$/$D$+$NJdBj$dDjM}$r<($9 !# $^$: $O !" inversion lemma $r <( $9 !#$3$l $O !"F3=P $, $I $N $h $&$K 9= C[ $5 $l $k $+$r=R$Y$k$b$N$G$"$k!# 9.4.1 Lemma [Inversion of the typing rela tion] 1. If � ‘ x : R , then x : R 2 � 2. If � ‘ � x : T 1 : t 2 : R , then R = T 1 ! R 2 for some R 2 with � ; x : T 1 ‘ t 2 : R 2 3. If � ‘ t 1 t 2 : R , then there is some t yp e T 11 suc h that � ‘ t 1 : T 11 ! R and � ‘ t 2 : T 11 4. If � ‘ true : R , then R = Bo ol 5. If � ‘ false : R , then R = Bo ol 6. If � ‘ ift 1 thent 2 else t 3 : R , then � � ‘ t 1 : Bo ol � � ‘ t 2 : R � � ‘ t 3 : R <!$K!" uniqueness of t yp es $r<($9 !# 9.4.3 Theorem [Uniqueness of Types] $"$k t yping con text � $G!"$"$k term � $O!" B?$/$F$b 1 $D$@$17?$r $b$D!# $D $^$j term $r7?$E $1 $G$- $k $J $i!" $=$N 7? $OM# 0l $N $b$N $G $"$k !# $5 $i $K$$ $( $P !" $=$N7?$E$1$NF3=P$bM#0l$N$b$N$G$"$k!# <!$K!" cannonical forms lemma $r<($9 !#$3$l$O!" v alue $,$"$k7?$r;}$D$H$- $K!"6qBNE*$K$I$N$h$&$J$+$?$A$r$H$k$+$r<($9$b$N$G$"$k!# 9.4.4 Lemma [Cannonical F orms] 1. if v is a v alue of t yp e Bo ol , then v is either true or false 2. if v is a v alue of t yp e T 1 ! T 2 , then v = � x : T 1 : t 2 5

$3$3$G!" t yp e safet y $N 1 $D!" progress theorem $r<($9 !# 9.4.5 Theorem [Pr ogress] $b$7JD$8$? term t $, !"$"$k T $K$D$$$F ‘ t : T $G$"$k$J$i $P!" t $O v alue $G$"$k$+!"$^$?$O!" t � ! t 0 $J$k!" t 0 $,B8:_$9$k!# <! $K !" 2 $D $N $A$g $C$H $7 $? lemma $r <( $9 !#$3 $l $i $N lemma $O !"$= $N <! $N substitution lemma $r<($9$?$a$KMQ$$$i$l$k!# 9.4.6 Lemma [Permut a tion] $b $7 � ‘ t : T $G$" $j !" 4 $, � $NMW AG $r $J $i $S $+ $( $? $b $N $G $" $k $H $9 $k $H !" 4 ‘ t : T $,@.$jN)$A!"$5$i$K$3$l$i 2 $D$NF3=P$OF1$8?<$5$H$J$k!# 9.4.7 Lemma [Weakening] $b$7 � ‘ t : T $G$" $j !"$+$D!" x = 2 dom (�) $J$i $P!" � ; x : S ‘ t : T $,@. $j N)$A!"$5$i$K$3$l$i 2 $D$NF3=P$OF1$8?<$5$H$J$k!# 0J>e$N lemma $h$j !"0J2<$N=EMW$J lemma $,>ZL@$G$-$k!# 9.4.8 Lemma [Substitution] $b$7 � ; x : S ‘ t : T $+$D � ‘ s : S $,@.$j N)$D$J$i$P !" � ‘ [ x 7! s ] t : T $, @.$jN)$D!# 0J >e $N =‘ Hw $K $h $j !" $h $& $d $/ t yp e safet y $N $b $& 1 $D $N theorem !" preserv ation $r<($9$3$H$,$G$-$k!# 9.4.9 Theorem [Preser v a tion] $b$7 � ‘ t : T $+$D t ! t 0 $,@.$jN)$D$J$i$P!" � ‘ t 0 : T $,@.$jN)$D!# $3$l $G !" theorem progress $H preserv ation $h$j !" � ! $N t yp e safet y $, >ZL@ $G$-$?!# 6

9.5 Erasure and T ypabilit y $5 $F !" $3 $3 $G $h $/ � ! $N Dj 5A !" FC $K ev aluation rule $r $h $/ 8+ D> $7 $F $_ $k $H !" abstraction $N 0z ?t $K 7? $r annotate $9$k $h $& $K $7 $? $, !" <B $O ev aluation $G$O D> @\ E* $K $O $= $N annotation $O 2? $K $b ;H $o $l $F $$ $J $$ $3 $H $, $o $+ $k !# ev aluation $G$OC1$K$=$N annotation $rJ];}$9$k$@$1$G$"$k!# $=$3$G!"$[$H$s$I $NK\3JE*$J%3%s%Q%$%i$G $O!" annotation $O7?%A%’ %C%/$N $H$- $@$1 MQ$$ $F !"<B:] $K%3 !<%I $r@8 @.$9 $k $H$- $O!" annotation $O L5;k $7$F !" un t yp ed $J$+$?$A$KJQ49$9 $k!# $3$N $d$jJ}$r 7A<02= $9$k$?$a !" er aseur e $H8F $P$l$k!" t yp ed term $r un t yp ed term $K%^%C%W$9$k4X?t$r;H$& !# 0J2<$O$=$N4X?t er ase $NDj5A$G$"$k!# 9.5.1 Dj5A er ase ( x ) = x er ase ( � x : T 1 : t 2 ) = � x :er ase ( t 2 ) er ase ( t 1 t 2 ) = er ase ( t 1 ) er ase ( t 2 ) Ev A3$N $3 $H $J $, $i!"4X ?t er ase $r MQ$$ $F un t yp ed $J 8@ 8l $K$b $I $7 $F $+ $iI> 2A$9$k seman tics $H!" $b$H $N8@8l$N seman tics $,0lCW$7$FM_ $7$$!# $3$N$3 $H $O!"0J2<$N theorem $G<($5$l$k!# 9.5.2 Theorem [Ev alua tion commutes with erasure] 1. $b $7 t yp ed ev aluation $N $b $H $G !" t � ! t 0 $G $" $l $P !" er ase ( t ) � ! er ase ( t 0 ) $,$J$j$?$D!# 2. $b $7 un t yp ed ev aluation $N $b $H $G !" er ase ( t ) � ! m 0 $G $" $l $P !" er ase ( t 0 ) = m 0 $G t � ! t 0 $J$k t 0 $,B8:_$9$k!# 9.6 Curry vs. Ch urc h Seman tics Curry-style $^$: term $rDj5A$7$F!" $= $N term $,$I$N$h$& $K?6Iq$&$+ $r$- $a $k seman tics $r Dj 5A $9 $k !#:G 8e $K !"9% $^ $7 $/ $J $$ term $r $O $8 $/ $? $a $K !" 7?%7%9%F%‘$r9=C[$9$k!# Chur ch-style $^ $: term $rDj 5A $7 $F!"<! $K 7? $E$1 $G $- $k term $r $h $j$L $$ $F!"$=$N term $@$1$K seman tics $rDj5A$9$k!# 7