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— A Case Study: Peterson's Mutual Exclusion Algorithm
* Coalgebra IZ& At #kE0 1R AR FED 5
- Refinements between Coalgebraic Specifications
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- [FEIR%(Z critical section [CANATOEXIEX1 DDH
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- A_interest/B_interest
e 7O+t X A/B M critical section [CAYTF=HA>TLyEH
* }HF D interest 7574 |4 read-only
- turn
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Init:

A_interest = false;
B_interest = false;

turn = A; /[ or turn = B;

process A:
A _interest = true;
turn = B;
while(B_interest && turn = A){}
// critical section
A_interest = false;

process B:
B _interest = true;
turn = A;
while(A_interest && turn !'= B){}
// critical section
A_interest = false;




JOtXA:

A _interest := true
-

A interest := false turn := B
-
IB_interest || Q B_interest &&
turn == turn ==
7O+ X B: |
B_interest := true
>
B interest := false turn := A
-
IA_interest || Q A_interest &&
turn == turn ==
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* DiscreteTime %R (Figure 7)
- tick T1 B RDIRREETRT

- n BUFFERORREZ tick" TREITDHIEIZT S

tick’(x) = x and tick™*!(x) = tick(tick"(x))




Discrete Time @it 345

* Timer(Figure 8)
- set LTH o N B BFRE & [ status A off (27425
* N ([I/NTARELTEZLNS
- Timer [& DiscreteTime M A 7/ \ZHEAK
* polynomial functor D @& & ELTEREE
T(X) = DT(X) x X x {on, off} X x X x {on, off}
-XDETILELTERMEIZATE

tick(x) = { if x = 0
X—1 otherwise

set(x) = N
status(x) = { off ifx=0
on otherwise




Temporal Logic of Actions H 5> M ZE i

* TLA: &% action &L T&2ik 95 temporal logic
— action: EBRIEHLE
(a(x) > 0) N\ (@'(x) =a(x) - 1)

e a'(x) [ a(x) D 1 BAfrEfEEDE
* action M ZE A%

=% 5514 % and TZEL /= predicate

1 BIRFRER 1 — tick TXRIR
EO—tick L EEFTXRIA

C(P)(x) & Yn. P(tick"(x))
O(P)(x) & =n. P(tick™(x))

e {y & X | W¥n. P(tick"(y))} A° DiscreteTime [ZDUL\T
P IZ&Fh 5 greatest invariant 9



* tick DLk

- FERFREZESE 2 518TES
ticks(x, 0) = x and ticks(x, n+m) = ticks(ticks(x, m), n)

- SHIZEHOFABRZEENSEDIZT S (Figure 9)
flow: X X R>g — X
flow(x, 0) = x and ticks(x, s+t) = ticks(ticks(x, t), s)

e LIF&. Continuous Time X750
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Class-Valued Methods

* DSADA TV RTEAMETERD
tree: X — BinaryTreeSpace[N]
- EDEIGETIVERTREMN?

* terminal(or final) model ZAL A& KLY

- EFEDETILM [ZxLTA=—%7% homomorphism
M—FMNEES

- HIOTRTRITEHAD cast ML BILEZITRILD
e Zh L EId beyond scope
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* 83D specification ###&# &1t 5 (Figure 10)

Deterson HY 2 D) PetersonProcess 1l 5
DetersonProcess (& turn 7545 D LMZDLNT

Parametrize sh b
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PetersonProcess @) Methods

DT DAHNBEE
- own_interest/other interest: E{thd) interest 754

- turn: turn 254
* IZTDEFH
- interest: B%H D interest 7545 %31 T
o IRTEDINREZHF
- pre_critical: critical section EFID IJL—T(ZLVBIREE
- critical: critical section [ZUV5 4K 5E
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PetersonProcess @) Assertions

o IREEEBRIZEHT HHIHIZTERTE
- HEFEEHturn 2T 57 7R FREXIEEIZ[0] 5

remain_not_interested _
interest
>
become_pre_critical

critical_remains_or_stops
- —(_;
become_critical

O remain_pre_critical
e critical_stops: @9 critical section N 53k(T5

- O(super): #]25X (DiscreteTime) [CDWTO % F
* tick [2DUL\TDHO
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Peterson @) Methods/Assertions

* Methods
- £70FRNDEREZERE
* ppT, ppF

- £7OFAD interest 755 %L TH
* interestT, interestF
* Assertions
- &7 DEET O AM TiHER
* share_turn, exchange_interest
- & methods D14 &% bisimilarity 7 & THRRE

* interestT, interestF, synchronise
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SEBHD 1= D T %4

o LN{DH D predicates FE A
- critical_exclusion 7 & ( B SR )

°* lemma 11

- critical_exclusion [& Peterson @ invariant
- FIEBH :

( critical_exclusion(tick(x))

V' xXEX, critical_exclusion(x) = ¢ critical_exclusion(interestT(x))

EREIEELL,
EEEAIGE S T AIERICEE RS EFES L &L

. critical_exclusion(interestF(x))
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A B k4t % 0D AL BA

* Theorem 12.1

- FRTOIEA AR EEIZES U THE Bt AL :
({ y&X | ~(critical(ppT(y)) /\ critical(ppF(y))) })(new)
- GIBH :

Q(new)
{ Q(y) = = (critical(ppT(y)) /\ critical(ppF(y)))

ZHT1=9 invariant Q MEFEET HEFREIL KLY,
Lemma 11 &Y Q=critical_exclusion £&ENn 5,
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AT DA

* Theorem 12.2

- critical section ~DEK (I OB T Em-chd
O yeEX | critical(ppT(y)) })(interestT(x))
- FIERR :
own_interest(ppT(x)) /\ pre_critical(ppT(x)) /\ —critical(ppT(x))
= 3n&N. =own_interest(tick"(ppF(y))) \V turn(tick"(ppT(x)))
MEYILD,
[1] #83F A\ pre_critical %25, turn (XB M IZH S

[2] $8F A critical 225 critical_stops IZ&YHEFED
interest (XN DAVEIRT 5

&% become critical [TEKYBEBENEHINS,
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o MHEAMDTHRITEEER
- 7)L:i"J:C‘A0)$E%%0)3+;‘9&E

- REDFMILRTED
s FXRDEAESIC J:o'd
- BB IERRRTE [ fREED RIRETZ &S LY
* refinement D ZZEA

RRD

1R

EHNE1E
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2 OB

c L EEELIERK

Coalgebraic = Polynomial

Specification = Functor Coalgebra
BERGETIV C IC c:X—IAX)
HERGETIL A IA c:X—IA(X)

* Predicates ME A

- C-Create(c): C M creation £H% A TEEELE=ED

- C-Assert(c): C D assertions # A CEHKELI=ED
* AIZDULVTHEFRIZ A-Create(c') . A-Assert(c) ZE &=




Simple Refinement

[ A ClZ&k% simple refinement | E &

- W& DRI map &R
(c:X—IAX), neweX) — (¢ X—ITA(X), new'eEX)
- L2 map IFLLTOEEEZRTE

( C-Create(c)(new) /\ Wx&X. CGAssert(c)(x) )
= ( A-Create(c)(new") /\ Vx&X. A-Assert(c)(x) )

o BAMSHEAD straightforward 217 7E

- MEIZ(X straightforward [ZIZLVAVEWNEE A SN

* FE D XEX[ZDLVT A-Assert(c')(x)
ZRlAAT DT EMTELGLY
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(Non-Simple) Refinement

o EXK : invariant DEZ FEFIFE
- REZERZE X DE2ERE P (ZHIFRL TAEA
VXEPCX. A-Assert(c')(x)
- S[Z, new' M5 ¢ TEER[RELGEIRREI
PIZEENSEETRT
* P(new') ARk AL
 PAYC [ZDLVYT O invariant
* DFVY ., UUTDEMZEE=9 K54 map &Rk
( C-Create(c)(new) /\ Vx&EX. CGAssert(c)(x) )
= ( A-Create(c")(new") /\ O(c")(A-Assert(c"))(new') )
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Refinement @5

* Proposition 13

- Peterson (& MutualExclusion(Figure 14) @ refinement
* MutualExclusion [ZtEEH D AR EZRERICKRELI=2D

- &IEFR :
(c=(tick, ppT, ppF, interestT, interestF), new)
— (c'=(tick, criticalT, criticalF, interestT, interestF), new)
==L { criticalT(x) = critical(ppT(x))
criticalF(x) = critical(ppF(x))

DEO[Zmap ZE, cnIEFHZER/T-9,
* MutualExclusion-Create(c")(new) [&BAS AR IT

e O(c")(MutualExclusion-Assert(c))(new) R4 1= D
invariant &L T critical_exclusion(Lemma 11) % A &t fE, 5




 Coalgebra &L =114k DI

- THE M. AT DA
- TRk D RS RY7E refinement
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