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t (term) = x (variable)
|  Ax.t (abstraction)
| tt (application)
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2 Programming in the Lambda-Calculus
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true = At.Af.t
false = Mt Af. f
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and := Ab.)\c. b c false
or := Ab.\c. b true ¢
not := Ab. b false true



2.3 Pair
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pair := Af.As.Ab. bfs
fst := Ap. p true
snd := Ap. p false
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C = As.Az. s (s 2)
c3 = As.Az. s (s (s z))
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succ := An.As.A\z.s (n's z)

succcxk = (Ands.Az.s (nsz)) (As.hz. s -+ (s 2))
———

= Ads.Az.s (As.Az.s (s - (s z)) sz

= As.Az. s (s .-+ (s 2))
—_———
E+1

= Ck+1

oboooooooooobooon

plus := Am.An.As.Az. ms (n's z)

pluscm cn = (Am. An. As. A\z. m's (n's z)) ¢y, Cy

As. Az. ¢ s (Cq s 2)
= Xs.Az. (As. Az. s -+ (s 2))s(As. Az. s --- (s 2))

—— ——
m n
= As. Az. s -+ (s 2)
——
m—+n
=  Cm+n



gboaboogooobabood

times := Am.An. m (plus n) co
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times cm ¢n = cm (plus cy) co
(As. Az. s --+ (s 2)) (plus c) co
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zz := pair ¢y Co
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pred := Am. fst (m ss zz)

pred ¢, = fst (cym ss 2z)
= fst (ss - (ss zz))
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minus := Am. An. n pred m
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fact := An. if (iszero n) ¢o (times n (fact (pred n)))
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g := Act.An. if (iszero n) co (times n (fct (pred n)))

0000000000000 00D0DMOOo00D0D00g0O0D00OOUDOODOODODODODODOOO
Lambda OO OO0OO



00000 LambdaO t0 g0000000D00000O0OO fact00O0O0O0O
00000t00000000000000000000000000 LambdaOOO0OO0O0OOO0O0OO
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fixg — (M. (A f(Qy.xxy)) (Mx f(Ay. xxy))) g
— (A g (Ay. xxy)) (M. g (Ay. x xy))
— g(Ay.hhy)

(h := M. g (Ay. xxy))
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fact := g (fixg) = fixg
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Definition 3.2 0 t000000FV() 0000000000000 OOO

V6 =
FV(Owt) = FV(t) - {x}
FV(tl t2) = FV(tl) @] FV(tQ)

3.2 Substitution

Definition 3.3 (SUBSTITUTION)

[x — s]x = s

[x = sly =y

[x+—s](Ay.t1) = Ay.[x—s]ty

X —s](t1 t2) = [x— s8]ty [x—s|t

Lfixg) x = (\y. (fixg) y)x00DODODOO



3.3 Operational Semantics

Definition 3.4
t (term) = x (variable)
| Axt (abstraction)
| tt (application)

Definition 3.5

v (value) == Ax.t (abstraction value)

Definition 3.6
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